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Fra den 5. uges statistikundervisning:
– skulle jeg gerne

1. forstå begrebet confounding

2. kunne udføre en stratificeret analyse af både Odds Ratio, Rate
Ratio og Relativ Risiko ved hjælp af “Mantel-Haenszel” metoden,
dvs. estimere et fælles associationsmål med tilhørende
sikkerhedsinterval og teste, om den fælles værdi er =1

3. forstå, at den stratificerede analyse er fornuftig, når
sammenhængen mellem eksposition og udfald er ca. den samme i
alle strata, dvs. når der ingen effekt-modifikation/interaktion er.
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Fra den 5. uges statistikundervisning

– behøver jeg derimod ikke nødvendigvis:

1. at have forstået, hvorfor ORMH og RRMH er fornuftige estimater
for de fælles associationsmål

2. at have forstået, hvorfor teststørrelsen X2
MH er χ2-fordelt med 1

frihedsgrad

3. at have forstået, hvordan sikkerhedsgrænserne omkring
Mantel-Haenszel estimatet fremkommer

4. at have forstået, hvordan man tester for ingen interaktion.
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Regression analysis
The distribution of one (1):

• outcome (“udfalds”) variable

• response (“respons”) variable

• dependent (“afhængig”) variable

• Y variable

is related to one or more

• explanatory (“forklarende”) variable

• independent (“uafhængig”) variable

• regression variable

• X variable

• covariate
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Particularly, in epidemiological investigations, one distinguishes
between explanatory variables which may be

• exposure variables (determinants)

• confounders
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The Framingham study
Planned as a 20 year cohort study of residents aged 30-59 in
Framingham town, Massachusetts, in 1948.

Aim: 6000 persons (⇒ 2000 CHDs)
Sampling: List of families stratified by size and district. For every 3

families, 2 were selected and all members from relevant age
groups were invited.

Hope: 90% accepted
Result: 69% accepted = 4469 persons
Addition: volunteers: 740 persons
Here: Combined data

age ≥ 45

CHOL at exam 1

1406 persons with up to 10 exams (∼ 18 years of follow-up)
13 variables selected:

Baseline: sex, age, FRW, SBP, DBP, CHOL, CIG (CHD)
Follow-up: SBP10, CHD, YRS_CHD, DEATH, YRS_DTH, CAUSE

6



Coding of variables

• sex 1 for males, 2 for females

• age age (years) at baseline (45-62)

• frw “Framingham relative weight” (pct.) at baseline (52-222; 11
persons have missing values)

• sbp systolic blood pressure at baseline (mmHg) (90-300)

• dbp diastolic blood pressure at baseline (mmHg) 50-160)

• chol cholesterol at baseline (mg/100ml) (96-430)

• cig cigarettes per day at baseline (0-60; 1 person has missing
value)

• chd 0 if no “coronary heart disease” during follow-up, 1 if
“coronary heart disease” at baseline (prevalent cases), x=2-10 if
“coronary heart disease” was diagnosed at follow-up no. x
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• sbp10 systolic blood pressure at follow-up no. 10 (mmHg)
(94-264; 635 missing)

• yrs_chd person years at risk of developing “coronary heart
disease” (0-18; 43 have missing values)

• death 0 if alive at follow-up no. 10, x=2-10 if dead between
follow-up x− 1 and x

• yrs_dth person years at risk of death (1-18)

• cause cause of death (0, 1, 2, 3, 4, 5, 6; 19 have missing values):

– 0 alive at follow-up no. 10

– 1 sudden CHD, 2 non-sudden CHD

– 3 stroke, 4 other cardiovascular cause

– 5 cancer

– 6 other causes
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Types of outcome variables
The type of outcome variable determines which kind of regression
model is relevant

Y Model

0-1 (“binary”) logistic regression

Quantitative linear regression

Survival time (“rate”) Cox (Poisson) regression
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The interpretation of the effect of an explanatory variable also depends
on the type of outcome variable (i.e., the type of regression model):

Model effect

logistic regression OR, ln(OR)

linear difference between mean values

Cox (Poisson) rate ratio, ln(rate ratio)
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Types of explanatory variables
In all types of regression models (i.e., no matter the nature of the
outcome variable), two types of explanatory variables may be
considered: categorical (especially, binary): “groups” and quantitative:
“lines”.

For a categorical explanatory variable, the effect corresponds to
differences between groups:

logistic regression ln(OR)

linear regression mean values

Cox (Poisson) regression ln(rate ratio)

For a quantitative explanatory variable, X, the effect corresponds to
ln(OR) / differences in mean value / ln(rate ratio) per unit of X.

NOTE: This linearity is a model assumption which should be checked!
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Linear regression for a quantitative outcome
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Framingham data: Y = SBP, X = age, quantitative explanatory
variable, quantitative outcome variable: E(Yi) = mean (or “expected”)
value of Yi.

Model: E(Yi) = a+ bXi the mean values lie on a straight line with
intercept a and slope b.

Line (a and b) fitted using “least-squares”, i.e., the estimates for a and
b minimize the “sum of squares”:∑

i

(Yi − (a+ bXi))
2

b = effect of age (X)

Estimated regression line: SBP = 94.05 + 1.03·age

Regression analysis also provides the SD of the a and (more
importantly) the b estimates.
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A binary explanatory variable, sex: males (1), females (0)
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Let

Zi =

 1 if i is a man

0 if i is a woman

Model: E(Yi) = a+ cZi

=

 (a+ c) (males)

a (females)

c = effect of sex (Z) difference between mean values

a and c estimated using least squares

a ∼ average Y for females =151.4

c ∼ average Y for males minus

average Y for females =143.6-151.4

=-7.8
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A note on SAS

We have ‘cheated’ a bit and used the variable sex as a quantitative
explanatory variable (with values 0 or 1).

Thereby, we ‘automatically’ get a parameter c that describes the
difference between sex=1 (males) and sex=0 (females).

When using the variable sex in, e.g. SAS, one would typically declare
it as a categorical explanatory variable (CLASS in SAS) but then we
would have to worry about the choice of reference group (in SAS it
would be sex=1, males).
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Two explanatory variables: age and sex
Possible model:

E(Yi) = a+ bXi + cZi

=

 (a+ c) + bXi (males)

a + bXi (females)

NB: Same age effect (b) for both males and females

Same sex effect (c) for all ages

⇒ No interaction/effect-modification.
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Model-based parallel lines

18



The mean values for males and females lie on parallel straight lines
with common slope b and vertical distance c.

Here, the parallel lines are:

SBP = 97.7 + 1.03 · age for females

SBP = 97.7− 7.8 + 1.03 · age = 89.9 + 1.03 · age for males

Confounding? Not much - adjusted and unadjusted estimates are
close.

However, the assumption of no interaction is not fully justified: if we
fit a model with different slopes for males and females then:

b0 = 1.34, b1 = 0.69

are significantly different (P = 0.03). The SBP has a steeper increase
with age for females than for males.
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Model-based non-parallel lines
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Binary outcome variables
In epidemiology, outcome variables are most frequently binary, e.g.,

Yi =

 1 if i is diseased

0 if i is not diseased

Then linear regression is no good

The regression line will go outside 0 and 1.

We need another regression model for binary outcomes:

Logistic regression
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Scatter-plot: CHD vs. age
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Purpose of logistic regression
Relate a binary outcome variable, e.g.,

Yi =

 1 if i gets CHD

0 if i does not get CHD

to explanatory variables for individual i.

Let the risk be pi =Prob (individual i gets CHD) = Prob (Yi = 1).

To start simply, consider one binary explanatory variable, e.g., sex

Zi =

 1 if i is a man

0 if i is a woman

Since linear regression, in general, is no good in this case, we need
another idea.

23



We look at ln(odds) : ln
(

pi

1−pi

)
which is unbounded, i.e., ln

(
pi

1−pi

)
can take both very large negative and very large positive values.

Model: ln

(
pi

1− pi

)
= a+ bZi =

 a females

a+ b males

That is,

b = (a+ b)− a = ln (odds for males)

− ln (odds for females)

= ln (OR for males vs. females)

Similarly: − b = a− (a+ b) = ln(OR for females vs. males)
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Framingham example

Z = 0 (females) Z = 1 (males)
Y = 0 616 479

(no CHD)
Y = 1 104 164
(CHD)

720 643

OR =
164 · 616
104 · 479 = 2.03; b = ln(OR) = ln(2.03) = 0.71

a = ln(odds for females) = ln

(
104

616

)
= −1.78

In general, logistic regression has the purpose of describing log(OR) in
relation to explanatory variables. In this simple example there is just one
binary explanatory variable, sex, and “logistic regression” is the same as
calculating the OR in the 2 by 2 table.
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Next: two explanatory variables:

Zi = sexi and Vi =

 1 if i smokes

0 otherwise

Data can be summarized as two 2 by 2 tables in two ways

Males Females
V = 0 V = 1 V = 0 V = 1

Y = 0 191 288 Y = 0 423 192
Y = 1 57 107 Y = 1 77 27

Smokers (V = 1) Non-smokers (V = 0)

Males Females Males Females
Y = 0 288 192 Y = 0 191 423
Y = 1 107 27 Y = 1 57 77

26



In this way, we can either

1. Study the effect of smoking (V) adjusted for sex (Z)

or

2. Study the effect of Sex (Z) adjusted for smoking (V)
using the Mantel-Haenszel method.

1. ORMH = 1.03 (= exp(0.034))

X2
MH = 0.052

2. ORMH = 2.03 (= exp(0.709))

X2
MH = 22.96

Conclusion: there is no effect of smoking adjusted for sex

but there is an effect of sex adjusted for smoking
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Corresponding logistic regression model:

ln
(

pi

1−pi

)
= a+ b1Zi + b2Vi

=


a F no-smoke

a+ b1 M no-smoke

a+ b2 F smoke

a+ b1 + b2 M smoke

Note: b1 = (a+ b1)− a
= (a+ b1 + b2)− (a+ b2)

= ln(OR) (males vs. females for given Vi)

and b2 = (a+ b2)− a
= (a+ b1 + b2)− (a+ b1)

= ln(OR) (smoke vs. non-smoke for given Zi)
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Relation to/discrepancies from
stratified (Mantel-Haenszel) analysis:
In logistic regression:

• 1 analysis only! In the same model, we estimate the effect of sex
adjusted for smoking and the effect of smoking adjusted for sex!

• In the calculations, the exposure variable and the confounder are
treated identically

advantage/drawback?
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The results from logistic regression and Mantel-Haenszel analyses are
not numerically exactly identical but they are close:

Mantel-Haenszel: ln(OR) (males vs. females) = 0.709

ln(OR) (smoke vs. non-smoke) = 0.034

Logistic regression: ln(OR) (males vs. females) = 0.695

ln(OR) (smoke vs. non-smoke) = 0.033

Also: chi-square tests (based on estimated SD’s) are close
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Explanatory variable with several levels:

age=X

Xi =


0 if i has age 45− 48

1 if i has age 49− 52

2 if i has age 53− 56

3 if i has age 57− 62
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Summarize in 2 by 4 table

X = 0 X = 1 X = 2 X = 3

45-48 49-52 53-56 57-62

Y = 0 308 298 254 235 1095

Y = 1 51 61 64 92 268

359 359 318 327 1363

(NB: Both males and females)

Measures for the strength of the effect:

OR1 (X = 1 vs. X = 0) = 308·61
298·51 = 1.24 = exp(0.21)

OR2 (X = 2 vs. X = 0) = 308·64
254·51 = 1.52 = exp(0.42)

OR3 (X = 3 vs. X = 0) = 308·92
235·51 = 2.36 = exp(0.86)
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In logistic regression, ln(OR)’s for the separate categories relative to a
reference category are estimated:

ln

(
pi

1− pi

)
=


a if Xi = 0

a+ b1 if Xi = 1

a+ b2 if Xi = 2

a+ b3 if Xi = 3

b1 = ln(OR) (1 vs. 0) = 0.21

b2 = ln(OR) (2 vs. 0) = 0.42

b3 = ln(OR) (3 vs. 0) = 0.86

NB: Different computer programs may choose the reference category
differently; SD’s for b1, b2, b3 estimates are also provided.
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We may test whether the explanatory variable, X, affects the
outcome, Y , using a chi-square test statistic.

In the Mantel-Haenszel chi-square test statistic for a 2 by 2 table, we
have calculated the expected number in one cell. In the general
chi-square test, we calculate the corresponding expected number in all
cells and add, for all cells, (OBS − EXP )2/EXP

E.g., Y = 0, X = 2 : OBS = 254, EXP = 1095
1363 · 318 = 255.5.

Contribution to test statistic (254−255.5)2

255.5 = 0.008.

Similarly, for the other 7 cells in the table∑ (OBS − EXP )2

EXP
= 23.29 ∼ χ2

3, P < 0.001

3. d.f. = (columns−1)× (rows−1)=(4− 1)× (2− 1).
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(Note: For a 2 by 2 table, this test is (almost!) identical to the
Mantel-Haenszel chi-square test that we have seen before and the
number of degrees of freedom is 1 = (2− 1)× (2− 1).)

Conclusion: age affects CHD-risk significantly; according to the odds
ratios, the risk seems to increase with age.

The chi-square statistic tests whether OR1 = OR2 = OR3 = 1 (3
d.f.!)
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Quantitative explanatory variables
We saw that the risk (odds) increased with age. Perhaps we can use
only 1 parameter to describe the increase in ln(odds) between
neighbouring categories:

ln

(
pi

1− pi

)
= a+ bXi

=


a Xi = 0

a+ b Xi = 1

a+ 2b Xi = 2

a+ 3b Xi = 3

The resulting estimate b = 0.29 is a sort of average between 0.21,
0.42-0.21, 0.86-0.42. The corresponding odds ratio is
exp(0.29) = 1.33.

Testing whether b = 0 (e.g., using the SD for the b estimate) is called
a trend test.
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Does this model fit? Straight line?
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If the model fits then we may consider including the variable

AGE (in years)

in the model (i.e., no grouping)

ln

(
pi

1− pi

)
= a+ b ·AGEi

The analysis gives
b = 0.066

Interpretation: For each year

exp(b) = 1.07

is the factor by which the odds for CHD increases.
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The general “multiple” logistic regression model
If there are several (k) explanatory variables: Xi1, Xi2, ..., Xik then
the logistic regression model is:

ln

(
pi

1− pi

)
= a+ b1Xi1 + b2Xi2 + ...+ bkXik

and, e.g. b1 is the ln(odds ratio) for Xi1 adjusted for Xi2, ..., Xik.

Adding several explanatory variables to the model, the assumption is
that there is no interaction between the explanatory variables.

NOTE: This is completely analogous for linear regression for
quantitative outcomes and for Cox or Poisson regression for survival
time outcomes.
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Multiple logistic regression model: Framingham

Variable b SD(b) OR 95% c.i.

Age (years) 0.055 0.015 1.056 1.025 to 1.088

Sex (M vs. F) 0.860 0.155 2.36 1.75 to 3.20

Smoke 0.181 0.152 1.20 0.89 to 1.61

SBP (mmHg) 0.0175 0.0025 1.018 1.013 to 1.023

The estimates are b = ln(OR) and OR for each variable adjusted for
the other variables in the model.
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Multiple Cox regression model: Framingham

This is a regression model for the rate of CHD.

Variable b SD(b) RR 95% c.i.

Age (years) 0.064 0.013 1.066 1.038 to 1.095

Sex (M vs. F) 0.859 0.135 2.36 1.81 to 3.07

Smoke 0.299 0.128 1.35 1.05 to 1.73

SBP (mmHg) 0.0154 0.0017 1.015 1.012 to 1.019

The estimates are b = ln(rate ratio) and RR =rate ratio for each
variable adjusted for the other variables in the model.

Note that these are fairly close to the corresponding OR values from
the logistic regression (except, perhaps for smoke).
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Case-control studies
In case-control studies we can estimate odds ratios, and logistic
regression can be used. (However, the intercept has no simple
interpretation.)

In matched case-control studies it is important that the matching
variables are taken into account.

In individually matched case-control studies this is done using so-called
conditional logistic regression. This is technically slightly different from
ordinary (“unconditional”) logistic regression and other SAS-procedures
must be used. However, this analysis provides odds ratio estimates
with the “usual” interpretation, e.g. these are almost risk ratios for rare
outcomes.
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Testing for interaction (effect-modification)
using (logistic) regression
Two explanatory variables interact (= the effect of one variable is
modified by the value of another variable) if

the effect of one variable on the outcome depends on the value of
another variable, e.g.,

the age-effect on the CHD-risk may be different for men and women.

This may be examined as a part of the analysis of the regression model.
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Concluding remarks concerning
(logistic) regression:
Getting out estimates from a regression model in, e.g., SAS is easy
(technically).

The “art” is which estimates to ask for.

1. Which variables to include?
(The “exposure” variable(s) should, of course, be there but which
confounders?)

2. How should variables be included?
(Categorical variables, quantitative variables with few categories,
or “real” quantitative variables)

3. Which interactions to study?
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There are many-many possibilities!

In published results using regression analysis, all these choices have
been made (perhaps without thinking too much about it) before
presenting tables and graphs and other results.

=⇒ Remember your scepticism when reading

articles!
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data framing;

/* Read data from the text file framing.txt */

infile ’d:\mph18\framing.txt’ firstobs=2;

input id sex age frw sbp sbp10 dbp chol cig chd yrschd death

yrsdth cause;

/* Define variable chdny as indicator for CHD during follow-up */

if chd = 1 then delete; /* prevalent case are taken out */

if chd = 0 then chdny = 0;

if chd > 1 then chdny = 1;

/* Recode sex and smoking and create age groups */

if sex=2 then nysex=0; if sex=1 then nysex=1;

if cig>0 then smoke=1; if cig=0 then smoke=0;

if 45<=age<=48 then agegrp=0; if 49<=age<=52 then agegrp=1;

if 53<=age<=56 then agegrp=2; if 57<=age then agegrp=3;

run;
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/* Linear regression model p. 12-13 */

proc glm data=framing;

model sbp=age/solution;

run;

/* Linear regression model p. 14-15 */

proc glm data=framing;

/* Alternatively add: class nysex (ref=’0’); */

model sbp=nysex/solution; run;

proc sort; by nysex; run; proc univariate; by nysex; var age;

run;

/* Linear regression model p. 17-19 */

proc glm data=framing;

model sbp=age nysex/solution;

run;
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/* with interaction, p. 19 */

proc glm data=framing;

model sbp=age nysex age*nysex/solution;

run;

/* Cross-table p. 25 */

proc freq data=framing;

tables nysex*chdny/chisq relrisk; run;

/* Logistic regression model p.24 */

proc logistic data=framing descending;

model chdny=nysex;

run;
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/* Mantel-Haenszel analysis p. 26-27 */

proc freq data=framing;

tables nysex*smoke*chdny/chisq relrisk cmh;

run;

proc freq data=framing;

tables smoke*nysex*chdny/chisq relrisk cmh;

run;

/* Logistic regression model p. 30 */

proc logistic data=framing descending;

model chdny=nysex smoke;

run;
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/* Logistic regression model p. 32-33 */

proc logistic data=framing descending;

class agegrp (ref=’0’)/param=glm;

model chdny=agegrp;

run;

/* Cross-table p. 32, 34 */

proc freq data=framing;

tables agegrp*chdny/chisq expected; run;

/* Logistic regression model with linear effect of agegrp coded

(0,1,2,3) p. 36 */

proc logistic data=framing descending;

model chdny=agegrp; run;

/* Logistic regression model with linear effect of age

(in years) p. 38 */

proc logistic data=framing descending;

model chdny=age; run;
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/* Logistic regression model including sex, age (in years),

smoking and sbp p. 40 */

proc logistic data=framing descending;

model chdny=age nysex smoke sbp;

run;

/* Cox regression model including sex, age (in years), smoking

and sbp p. 41 */

proc phreg data=framing;

model yrschd*chdny(0)=age nysex smoke sbp/risklimits;

run;
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