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Fra den. 1 uges statistikundervisning:

– skulle jeg gerne forstå, at

1. en relativ hyppighed (en “estimator”) næppe vil have samme værdi
som populationens sande værdi (“parameteren”) p.g.a. variation

2. der derfor er et behov for at udtrykke usikkerheden forbundet med
estimatoren ved hjælp af en standard afvigelse/et
sikkerhedsinterval

3. usikkerheden (SD) bliver mindre/sikkerhedsintervallet smallere
med voksende stikprøvestørrelse

– behøver jeg derimod ikke nødvendigvis at have forstået, hvorfor

4. SD for en hyppighed kan estimeres ved netop SD(p) =
√

p(1−p)
n

5. p± 1.96 · SD(p) netop giver et (ca.) 95% sikkerhedsinterval

MEN jeg skulle gerne kunne bruge formlerne

2



We have used a proportion as measure of
DISEASE FREQUENCY

in cross-sectional studies of

• asthma “prevalence” and

• MI “prevalence” .

Similar inference for the
risk parameter

in an epidemiological cohort study (or a randomized clinical trial)
where every one has the same potential follow-up period.

The risk is some times called the “cumulative incidence”.
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Example
Table 6.3 (p.110): Results from a (hypothetical) randomized trial in

metastatic cervical cancer.
Outcome (after 1 year)

Treatment Died Survived Total

New 40 68 108

Standard 65 45 110

Total 105 113 218

New: p1 =
40

108
= 37.0% (or 0.370)

SD(p1) =

√
0.370(1− 0.370)

108
= 0.046

Standard: p2 =
65

110
= 59.1%(= 0.591)

SD(p2) = 0.047
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95% confidence limits
New: p1 ± 1.96 · SD(p1) From 0.280 to 0.460

Standard: p2 ± 1.96 · SD(p2) From 0.499 to 0.683

NB: No overlap!

In this example we have two groups:
New and Standard

and wish to compare the risks in these two groups.

One measure to use for comparison is the
“RELATIVE RISK”

or
“RISK RATIO”

= the ratio between the two risk parameters=P2

P1
.
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Notation
In the sample we have the following data obtained by classification by
risk factor status and disease development in an incidence study.

Disease incidence

Risk factor Total at
classification + − risk

+ (present) a b a+ b

- (absent) c d c+ d

Total a+ c b+ d n

From these data, we can estimate the relative risk (‘risk ratio’) as:

R =
a/(a+ b)

c/(c+ d)
.

This is a measure of association between risk factor and outcome.
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Confidence limits for the relative risk
We wish to compute confidence limits around R = a/(a+b)

c/(c+d) .

This may, in principle, be done as “R± 1.96 · SD(R)”

with a suitable expression for SD(R)

But a better (and more complicated) method is available (p. 123, NB:
notation) and is used in SAS and other programs:

1. Calculate LR = ln(R)

2.
Calculate L2 = LR+ 1.96 ·

√
1
a −

1
a+b +

1
c −

1
c+d

L1 = LR− 1.96 ·
√

1
a −

1
a+b +

1
c −

1
c+d

3. The desired 95% confidence limits are from exp(L1) to exp(L2)
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Example
Died Survived

New 40 (a) (b) 68 108

Standard 65 (c) (d) 45 110

105 113 (n) 218

Rstd.vs.new = 65/110
40/108 = 1.60.

1. LR = ln(1.60) = 0.467

SD(LR) =

√
1

65
− 1

110
+

1

40
− 1

108
= 0.148

2. L2 = 0.467 + 1.96 · 0.148 = 0.758

L1 = 0.467− 1.96 · 0.148 = 0.176

3. The desired confidence limits are from exp(0.176) = 1.19 to
exp(0.758) = 2.13.
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“The other way around”
Died Survived

New 40 (a) (b) 68 108

Standard 65 (c) (d) 45 110

105 113 (n) 218

Rnew vs.std = 40/108
65/110 = 1

1.60 = 0.627.

1. LR = ln(0.627) = −0.467

SD(LR) =

√
1

65
− 1

110
+

1

40
− 1

108
= 0.148

2. L2 = −0.467 + 1.96 · 0.148 = −0.176
L1 = −0.467− 1.96 · 0.148 = −0.758

3. The desired 95% confidence limits are from
exp(−0.758) = 0.469 = 1/2.13 to
exp(−0.176) = 0.839 = 1/1.19.

9



Risk difference
Another measure of association is the risk difference:

P2 − P1.

In the example, this is estimated by

p2 − p1 =
65

110
− 40

108
= 0.221.

For construction of confidence limits we need

SD(p2 − p1) =
√

SD(p1)2 + SD(p2)2 = 0.066,

yielding the limits:

from (p2 − p1)− 1.96 · SD(p2 − p1) = 0.0916,

to (p2 − p1) + 1.96 · SD(p2 − p1) = 0.350.

(Similarly “the other way around”.)
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Significance tests
When “drawing inference” from the data, we want to compare the risks
between the two exposure groups, i.e., we want to test the hypothesis

H0 : Relative Risk = 1.

This may to some extent be done using the estimate, R, and the
confidence limits for the relative risk:

-
Relative Risk

s1.19q
1

sR = 1.60 q
2

q
3

s2.13

The null value (Relative Risk=1) lies outside the 95% confidence
limits, and we can reject the hypothesis H0 : Relative Risk = 1 at the
5% level.

Similar arguments can be based on the risk difference.
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Traditionally, we calculate a test statistic, i.e., a number measuring if
the data are far from what we would expect them to be if the null
hypothesis, H0, were true.

We have observed
a = 40

deaths in the new treatment group. How many would we expect if new
vs. standard treatment had no effect on the risk (i.e., if H0 were true)?

E(a) = 108 · 105
218

= 52.02 = (a+ b)
(a+ c)

n
.

Is “observed - expected” a− E(a) = 40− 52.02 = −12.02

a large number?
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To evaluate this, we need the standard deviation of a. This is

SD(a) =

√
(a+ b)(c+ d)(a+ c)(b+ d)

n2 · (n− 1)
=
√
13.668 = 3.70.

The test statistic is(
a− E(a)

SD(a)

)2

=

(
−12.02
3.70

)2

= 10.57.

Is 10.57 a large number?

To answer this, we need the

distribution of the test statistic if H0 were true.
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The P -value
Using lots of mathematics, this can be shown to be the

“chi-square distribution with 1 degree of freedom”.

Interpretation?
– repetition of experiment

By this, we can calculate the P-value

= the probability of a more extreme value of the test statistic, if H0

were true.

Here, P is between 0.01 and 0.001 (but closer to 0.001 - in fact,
P = 0.0011). If P is small, then we reject H0 otherwise we accept (=
do not reject) H0.

When is P small?
– if less than 0.05
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Tables of the chi-squared distribution:

• Armitage & Berry, 1987

– see below

– several values for d.f.

• Silva, p.128

– quite brief

– only 1 d.f.

(However, so far we only need the table for 1 d.f.)
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Notes
Other formulas exist for:

– confidence limits for a proportion

– confidence limits for a relative risk

– the chi-square test statistic
(
' (ad−bc)2n

(a+b)(c+d)(a+c)(b+d)

)
.

“Our” version of the chi-square test statistic is often called a

Mantel-Haenszel type test (p. 127)

“Our” version of the confidence limits for a proportion is sometimes
called naive since the lower limit may go below 0 and the upper limit
may go above 1. Better methods (in the spirit of what we did for the
R) exist and are used by most computer programs.
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Exercise
The following data come from a study reported by Abott et al. (New
Engl. J. Med., 1986, 717; Kahn & Sempos, 1989) and deal with the
12-year risk of stroke in the Honululu Heart Program

Twelve-Year Risk of Stroke among Male Smokers and Nonsmokers

Stroke

Smoker Yes No Total

Yes 171 3264 3435

No 117 4320 4437

Total 288 7584 7872
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Questions

1. Estimate the 12-year probability of stroke among smokers and
non-smokers with their associated 95% confidence limits.

2. Estimate the relative risk and the risk difference with 95%
confidence limits.

3. Calculate the chi-square test statistic for the null hypothesis of
identical risks. What is the P -value?

4. Do we accept or reject the null hypothesis of identical risks for
smokers and non-smokers?
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Solution (1)
Estimated risk among smokers:

p1 =
171

3435
= 0.0498

SD(p1) = 0.00371

Estimated risk among non-smokers:

p2 =
117

4437
= 0.0264

SD(p2) = 0.00241

95% confidence limits

For P1 : from 0.0425 to 0.0570

For P2 : from 0.0217 to 0.0311
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Solution (2)

R = 1.89

SD(LR) =
√

1
171 −

1
3435 + 1

117 −
1

4437

= 0.118

LR = ln(1.89) = 0.637

L1 = 0.637− 1.96 · 0.118 = 0.406

L2 = 0.637 + 1.96 · 0.118 = 0.867

95% c.i. from exp(L1) = 1.50 to exp(L2) = 2.38.

Risk difference: p1 − p2 = 0.0498− 0.0264 = 0.0234.

95% confidence limits

from: 0.0234− 1.96
√

(0.00371)2 + (0.00241)2 = 0.0147

to: 0.0234 + 1.96
√
(0.00371)2 + (0.00241)2 = 0.0321.
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Solution (3-4)
Chi-square test is

(a− E(a))2

(SD(a))2

a = 171, E(a) = 3435 · 288
7872

= 125.7

(SD(a))2 =
3435 · 4437 · 288 · 7584

7872 · 7872 · 7871
= 68.25

yielding the test statistic 30.07. The table gives P < 0.001 and the
hypothesis of identical risks is rejected.
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