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Individual matching in case-control studies
The BCG study provided an example of frequency matching, i.e. when
selecting controls it was assured that cases and controls have the same
distribution of the matching variable (age).

However, a given case did not have his or her ‘own private’ control(s).

That is achieved when using individual matching, that is when
matching is based on a variable like neighborhood, familial relation or
the like (typically variables with many possible values).

Matching on time (‘risk-set sampling’ of controls, ‘nested case-control
study’, ‘incidence density sampling’) is also a type of individual
matching.
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Analysis of matched pairs
In the simplest case with a single binary exposure and one control
individually matched to each case, data can be summarized as a
two-by-two table of pairs:

History History of control

of case Positive Negative

Positive a = 26 b = 15

Negative c = 7 d = 37

Table 19.1. Tonsillectomy history in 85 matched pairs of Hodgkin
cases and matched controls.
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Analysis of matched pairs
Each pair gives rise to a stratum and the Mantel-Haenszel methods
apply.

Exp Unexp Exp Unexp Exp Unexp Exp Unexp

Case 1 0 1 0 0 1 0 1

Control 1 0 0 1 1 0 0 1

Only discordant strata, i.e. those where case and control have different
exposure status contribute to estimator and test.

How many strata of each of the four types are there?
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Analysis of matched pairs
The Mantel-Haenszel estimate for the odds ratio for exposure
(tonsillectomy) is simply the ratio

b/c = 15/7 = 2.14

between the numbers of the two different types of discordant pairs.

The SD of the corresponding log(odds ratio) is√
1

b
+

1

c
,

here 0.4577, leading to a 95% confidence interval for OR from 0.874
5.266.

The Mantel-Haenszel test reduces to McNemar’s test:

(b− c)2

b+ c
=

64

22
= 2.91, P = 0.09.
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Exercise 19.4
Make the incorrect analysis corresponding to ignoring matching, i.e.
set up the 2 by 2 table of case-control status versus exposure and
estimate the odds ratio.

.
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Exercise 19.4 - solution
Make the incorrect analysis corresponding to ignoring matching, i.e.
set up the 2 by 2 table of case-control status versus exposure and
estimate the odds ratio.

The 2 by 2 table is:

History Positive Negative

Case 41 44

Control 33 52

And the odds ratio becomes 41·52
44·33 = 1.47 which is smaller than the

M-H estimate (2.14).
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Individual matching: logistic regression model
If there are n matched case-control sets i = 1, ..., n (e.g., each
consisting of 1 case and 1 matched control) then the model for subject
j in set i is:

log(oddsij) = CORNERi + EXPOSUREij ,

i.e., one CORNER parameter for each set containing the effect of the
matching variables.

It turns out that the standard likelihood method does not work for this
logistic regression model because of the many (n) ‘nuisance
parameters’ (CORNERi) that cannot be estimated. Instead, so-called
conditional likelihood (‘conditional logistic regression’) may be used.
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Individual matching: model
In the simplest case (1 control per case, 1 binary exposure) this
actually gives exactly the same as the M-H analysis but using
conditional logistic regression it is simple to

• include more than 1 control per case

• adjust for confounders that vary within matched sets

Note that variables that are constant within matched sets cannot be
included (their effect will be ‘absorbed’ into the CORNERs).

Some times, ‘individual’ matching is performed on factors like sex and
age. This is not really ‘individual’, and the structure with pairs need
not be maintained in the analysis (but sex and age should still be
accounted for).
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SAS code for conditional logistic regression
In SAS, PROC LOGISTIC may be used via a STRATA command:

PROC LOGISTIC DATA=HODGKIN;

CLASS TONSIL/PARAM=GLM;

MODEL CASE=TONSIL;

STRATA SET;

RUN;

PROC PHREG may also be used for analyzing individually matched
case-control studies but the code is less transparent.
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Matched cohort studies
In a cohort study, the exposed group is frequently ‘obvious’:

• persons with a certain diagnosis

• persons in a certain occupation

• persons taking a certain drug

But how to select an unexposed group for comparison?

1. at random?

2. matched to the exposed on factors like sex and age?

3. matched to the exposed on more individual factors (neighborhood,
familal relationship)?

4. matched to the exposed on propensity score?
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Matched cohort studies
Similar considerations as for matched case-control studies apply

1. at random?

2. matched to the exposed on factors like sex and age?

In these cases, adjustment for confounders will typically be done
by including them in a regression model together with exposure.

3. matched to the exposed on more individual factors (neighborhood,
familal relationship)?

Here, a stratified Cox model respecting the individual matching
may be used:

λij(t) = λ0i(t) exp(β1xij1 + ...+ βpxijp)

where each matched set (‘stratum’, i) has its own baseline hazard
and individuals (j) within matched sets have covariates xij .
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Propensity score
If Z is a binary exposure and X the confounders then the propensity
score is the probability of being exposed:

e(X) = P (Z = 1 | X).

Propensity score was introduced in an important paper by Rosenbaum
and Rubin (1983) and has been used increasingly in recent years - often
for doing causal inference, i.e. trying to analyze observational data to
obtain answers that would otherwise require a randomized study.

The propensity score has an important balancing property:

The confounders X included in e(X) have the same distribution for
exposed (Z = 1) and unexposed (Z = 0) subjects with the same value
of e(X) (‘X and Z are independent given e(X)’).
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How to analyze propensity-matched cohort data?
Typically, the individual matching is not kept in the analysis.

Rather, for studies with a follow-up time that varies among individuals,
a marginal Cox model is used:

λi(t) = λ0(t) exp(βZi)

because, according to the balancing property of the propensity score,
exposed (Z = 1) and unexposed (Z = 0) individuals have the same
distribution of X.
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Confounding

• Epidemiology relies on observational studies or experiments of
nature

• Often these are poor experiments
— no control for confounding by extraneous influences

• Definition:

A confounder is a variable whose influence we would have
controlled if we had been able to design the natural
experiment.
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Example: confounding by age, Fig. 14.1
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• Probability of failure for unexposed:

(0.8× 0.1) + (0.2× 0.3) = 0.14

• Probability of failure for exposed:

(0.4× 0.1) + (0.6× 0.3) = 0.22

• Difference entirely due to difference in age structure.

• When there is a true effect, its magnitude can be distorted by
such influences.
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Confounding when RR = 2
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Results

• The true relative risk is 0.2/0.1 = 0.4/0.2 = 2

• Probability of failure for unexposed:

(0.8× 0.1) + (0.2× 0.2) = 0.12

• Probability of failure for exposed:

(0.4× 0.2) + (0.6× 0.4) = 0.32

• The apparent relative risk is

0.32/0.12 = 2.67
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Confounding
A confounder is:

• associated with outcome:
e.g., older persons have higher disease probability,

• associated with the exposure:
e.g., older persons are more / less likely to be exposed,

• not a result of either exposure or disease.
Not a statistical property; cannot be seen from tables; common
sense is required!

NB: newer confounder definition based on so-called DAGs (‘directed
acyclic graphs’) exists - see below.
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Confounding: schematically
A variable C is a potential confounder for the relation:

E → O

if it is

• 1) related to the exposure:
E − C

• 2) an independent risk factor for the outcome:

C → O

• 3) not a consequence of the exposure:

E → C → O

That is:

E − C

↘ ↙
O
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Confounding (intuition)
The problem is that we do not always get a fair comparison between
exposed and non-exposed.

Young

Old
Old

Young

NON-EXPOSEDEXPOSED

A randomly selected exposed person tends to be older than a randomly
chosen non-exposed.

22



Controlling confounding, Sect. 14.2
In controlled experiments there are two ways of controlling
confounding:

1. Randomization of subjects to experimental groups so that the
distributions of the confounder are the same.

2. Hold the confounder constant.
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Standardization is a classical statistical technique for controlling for
extraneous variables (in particular: age) in the analysis of an
observational study

1. Direct standardization simulates randomization by equalizing the
distribution of extraneous variables (typically age)

2. Indirect standardization simulates the second method: holding
extraneous variables constant (typically age)
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Direct standardization, sect. 14.3

1. Estimate age-specific rates (or risks) in each group,

2. Calculate marginal rates (risks) if the age distribution were fixed
to that of some agreed standard population.
A standard population is another term for a common
age-distribution.

3. Direct standardization is good for illustrative purposes as it
provides absolute rates.
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Marginal failure probability (with 50-50 age distribution) is
(0.5× 0.1) + (0.5× 0.3) = 0.2 for both groups
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The Diet data

Exposed Unexposed

Current (< 2750 kcal) (≥ 2750 kcal)

age D Y Rate D Y Rate RR

40–49 2 311.9 6.41 4 607.9 6.58 0.97

50–59 12 878.1 13.67 5 1271.1 3.93 3.48

60–69 14 667.5 20.97 8 888.9 9.00 2.33

Total 28 1857.5 15.07 17 2768.9 6.14 2.46
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Direct standardization in the diet data
We can standardize the age-specific rates to a population with equal
numbers of person–years in each age group.

Exposed:(
1

3
× 6.41

)
+

(
1

3
× 13.67

)
+

(
1

3
× 20.97

)
= 13.67

Unexposed:(
1

3
× 6.58

)
+

(
1

3
× 3.93

)
+

(
1

3
× 9.00

)
= 6.50

Estimate of rate ratio is 13.67/6.50 = 2.10.
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Choice of weights

• Sometimes overall age structure of the whole study is used

• Use of a standard age structure can facilitate comparison with
other work.

• In cancer epidemiology standard populations approximating the
European, US or World population age-distribution are used.

• Equal weights essentially give a comparison between cumulative
rates in the two groups
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Indirect standardization
Indirect standardization is used when comparing rates in a cohort with
standard rates from some population, e.g. mortality rates or cancer
rates.

This amounts to computing an expected number of events (E) in the
cohort (with its observed age distribution), if that cohort had been
exposed to the standard rates.

Thereby, the standardized mortality ratio

SMR =
D

E

is obtained, where D is the observed number of events.
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Expected number of events
Table 6.4. Woman-years and reference rates for a bresat cancer study.

Woman- E & W rate per Expected number

Age years 100000 woman-years of breast cancers

40-44 975 113 1.10

45-49 1079 162 1.75

50-54 2161 151 3.26

55-59 2793 183 5.11

60-64 3096 179 5.54

E & W = England and Wales.

Out of 974 women who had hormone treatment during menopause, 15 got breast cancer in
the follow-up period. Is that more than expected?

Expected in band 40-44: 975 ×
113

100000
= 1.10

This leads to SMR = 15/16.76 = 0.89.
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Standard rates are often given by age, sex and calendar time. Hereby, expected numbers of
events may be computed.

Example: Cohort of ankylosing spondilitis patients treated with X-radiation of the spine
(1935-54) followed until death, migration or 1970. Standard rates from England and Wales.

Note SMR for leukemia.

Table 6.5. Mortality following X-radiation.

Cause of Number of deaths Ratio

death Observed, D Expected, E D/E

Cancers:

Leukaemia 31 6.47 4.79

Colon 28 17.30 1.62

Heavily irradiated sites 259 167.50 1.55

Lightly irradiated sites 79 65.65 1.20

All neoplasms 397 256.92 1.55

Other causes 1362 804.68 1.69

All causes 1759 1061.61 1.66
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Confounding - ‘modern approach’ based on DAGs
A DAG is a Directed Acyclic Graph and gives a graphical
representation of the investigator’s prior belief about causal
relationships between variables in a study (e.g., Greenland, Pearl,
Robins, Epidemiology, 1999). Variables:

Personality SES sex

Work-related stress BP IHD
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DAGs: some terminology

• Sex is a parent of IHD and IHD a child of sex

• Personality is an ancestor of IHD and IHD a descendant of
personality

Such directed paths reflect cause and effect

• Not all paths are causal, e.g.

Work-related stress - SES - Sex

is also a path.

• A path from A to B is a backdoor path if it has an arrow pointing
to A, e.g.

Work-related stress - SES - IHD

is a backdoor path from Work-related stress to IHD.
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DAGs: more terminology

• In a DAG, absence of an arrow corresponds to assumptions of
(conditional) independence

• A collider on a path is a variable to which two arrows point, e.g.
SES is a collider on the path

Work-related stress - Personality - SES - Sex - IHD

• A path from A to B is blocked if a variable on the path is being
conditioned on (by adjusting for it). Thus

Work-related stress - Personality - SES - IHD

is blocked, e.g. by conditioning on Personality.

However - colliders - more later.
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Confounding and backdoor paths
To assess which confounders to adjust for using the DAG,
identification of backdoor paths from exposure to outcome is crucial.

Such backdoor paths must be blocked by conditioning on a variable on
the path.

However, conditioning on a collider rather unblocks a path.

The intuition is that conditioning on a collider creates an association
between its parents:

Haplotype → CVD ← smoking

Among CVD cases, haplotype and smoking are associated.
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Identification of confounding using a DAG

1. Delete all arrows beginning in exposure

2. Identify open backdoor paths from exposure to outcome and block
them by adjusting for a variable on the path

3. If you have adjusted for a collider then ‘marry the parents’ (the
‘moral graph’) by drawing undirected lines between them

4. Identify new open backdoor paths and block them by adjusting
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Delete all arrows beginning in exposure
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Identify open backdoor paths
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Marry the parents
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Identify open backdoor paths
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Dagitty
An internet-based tool dagitty exists for doing these manipulations:

www.dagitty.net

Exercise: We want to study the effect of diabetes on the risk of
fractures. We have information on

• BMI

• Physical activity

• Bone density

• Whether or not the subject is prone to fall

Draw ‘your’ DAG for the problem and consider which confounders to
adjust for when addressing the question.
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