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Follow-up studies

• A group of subjects, the cohort, is followed through time until the
event under study occurs:

• death, incidence, recurrence, menopause, first pregnancy, ... or the
study ends.

• Occurrence of event: failure, no event: survival,

• time from entry to failure: survival time.

• Entry may be staggered: not all subjects join the study on the
same date.

• The study ‘ends’ on the date when the results are analysed:

• all subjects may have failed by this time, however, most often
there will be censoring, i.e. subjects survive until the end of the
study or they are lost to follow-up during the study.
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Population followed from t0 to t1
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The rate, λ, is used as frequency measure. Recall that the rate
expresses the risk of failure per time unit, λ ≈ π/h, in a (small) time
interval of length h.
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Example: The diet data, p.122

• 337 subjects (bus drivers, bus conductors and bankers) were
recruited

• followed for an average of 13.7 years.

• outcome: ischaemic heart disease (IHD) - 45 cases during
follow-up

• main exposure variable: total daily energy intake (surrogate
measure for physical inactivity)

– Exposed ∼< 2750 kcals,

– non-exposed ∼≥ 2750 kcals.
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Two rates and rate ratio: The diet data, p.123

< 2750 kcals ≥ 2750 kcals

P-years 1857.5 (Y1) 2768.9 (Y0)

Cases 28 (D1) 17 (D0)

Log- D1 log(λ1)− λ1Y1 = D0 log(λ0)− λ0Y0 =

likelihood 28 log(λ1)− λ1 × 1857.1 17 log(λ0)− λ0 × 2768.9

Rate 15.1/1000 p.y. 6.1/1000 p.y.

95% c.i. (10.4; 21.8) (3.8; 9.9)

Rates for exposed and unexposed and their associated SD’s are
estimated separately. Confidence intervals are obtained using the error
factor as λ̂× /÷ exp(1.96/

√
D).
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Profile likelihood
The rate ratio is used as measure of association between exposure and
the IHD-rate.

The book (Ch. 13) discusses how a so-called profile likelihood may be
used for estimating the rate ratio and its associated confidence limits.

We skip the details and use a more simple approach.
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Confidence interval for the rate ratio, θ
• Rate Ratio = θ =

λ1

λ0

• Estimate:

θ̂ = λ̂1/λ̂0 =
28

1.8575

/
17

2.7689
= 2.46

• Standard deviation for log(θ̂):

SD(log(θ̂)) =

√
1

28
+

1

17
= 0.307

• 95% confidence interval for θ (using error factor):

2.46× /÷ exp(1.96× 0.307) = (1.35; 4.48)
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Binary data
Binary data may be generated by

Cohort studies with fixed follow-up time

A group of persons is followed for a given time interval and it is
observed whether or not a given event occurs

Death

Death from a given cause

First time a given disease occurs

Terminology: event is called failure, no event survival

D failures, N −D survivals

Cross sectional studies (prevalence studies)

At a given point in time: Out of N persons, D are diseased.
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Cohort with equal follow-up
t0 t1
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The binary probability model
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Fig. 1.3. The binary probability model.

π: probability or risk of “failure”, thus 1− π = probability of “survival”
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Odds
π: probability of failure

Ω = Odds of failure =
probability of failure
probability of survival

=
π

1− π

0 ≤ π ≤ 1 0 ≤ Ω ≤ ∞
π = Ω

1+Ω 1− π = 1
1+Ω

If π is small, then π ∼ Ω “the rare disease assumption”

Note that, in cohort studies, both risk and odds refer to a given, fixed
follow-up interval.
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Example: The Framingham study
Planned as a 20 year cohort study of residents aged 30-59 in
Framingham town, Massachusetts, in 1948.

Aim: 6000 persons (⇒ 2000 CHDs)
Sampling: List of families stratified by size and district. For every 3

families, 2 were selected and all members from relevant age
groups were invited.

Hope: 90% accepted
Result: 69% accepted = 4469 persons
Addition: volunteers: 740 persons
Here: Combined data

age ≥ 45

CHOL at exam 1

1406 persons, 10 exams (∼ 18 years of follow-up)
13 variables selected:

Baseline: sex, age, FRW, SBP, DBP, CHOL, CIG (CHD)
Follow-up: SBP10, CHD, YRS_CHD, DEATH, YRS_DTH, CAUSE
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Coding of variables

• sex 1 for males, 2 for females

• age in years at baseline (45-62)

• frw “Framingham relative weight” (pct.) at baseline (52-222; 11
persons have missing values)

• sbp systolic blood pressure at baseline (mmHg) (90-300)

• dbp diastolic blood pressure at baseline (mmHg) 50-160)

• chol cholesterol at baseline (mg/100ml) (96-430)

• cig cigarettes per day at baseline (0-60; 1 person has missing
value)

• chd 0 if no “coronary heart disease” during follow-up, 1 if
“coronary heart disease” at baseline (prevalent cases), x=2-10 if
“coronary heart disease” was diagnosed at follow-up no. x
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• sbp10 systolic blood pressure at follow-up no. 10 (mmHg)
(94-264; 635 missing)

• yrs_chd person years at risk of developing “coronary heart
disease” (0-18; 43 have missing values)

• death 0 if alive at follow-up no. 10, x=2-10 if dead between
follow-up x-1 and x

• yrs_dth person years at risk of death (1-18)

• cause cause of death (0, 1, 2, 3, 4, 5, 6; 19 have missing values):

– 0 alive at follow-up no. 10

– 1 sudden CHD, 2 non-sudden CHD

– 3 stroke, 4 other cardiovascular cause

– 5 cancer

– 6 other causes
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Reading and tabulating the data in SAS

data framing;

filename framfile url

‘‘http://www.biostat.ku.dk/~pka/epidata/framing.txt’’;

infile framfile firstobs=2;

input id sex age frw sbp sbp10 dbp chol cig chd yrschd

death yrsdth cause;

if chd=1 then chdny=.;

if chd=0 then chdny=0;

if chd>1 then chdny=1;

if chol>275 then nychol=1; if 0<chol<=275 then nychol=2;

run;

proc freq data=framing;

tables nychol*chdny/chisq relrisk nocol nopercent;

run;
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Output from SAS (edited): 2 by 2 table
The FREQ Procedure

Table of nychol by chdny

nychol chdny

Frequency|

Row Pct | 0| 1| Total

---------+--------+--------+

1 | 187 | 64 | 251

| 74.50 | 25.50 |

---------+--------+--------+

2 | 908 | 204 | 1112

| 81.65 | 18.35 |

---------+--------+--------+

Total 1095 268 1363

Frequency Missing = 43
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Statistics for Table of nychol by chdny

Statistic DF Value Prob

------------------------------------------------------

Chi-Square 1 6.6323 0.0100

Likelihood Ratio Chi-Square 1 6.3047 0.0120

Continuity Adj. Chi-Square 1 6.1872 0.0129

...

Estimates of the Relative Risk (Row1/Row2)

Type of Study Value 95% Confidence Limits

-----------------------------------------------------------------

Case-Control (Odds Ratio) 0.6565 0.4758 0.9058

Cohort (Col1 Risk) 0.9124 0.8443 0.9860

Cohort (Col2 Risk) 1.3899 1.0877 1.7760

Effective Sample Size = 1363 Frequency Missing = 43
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Model and likelihood
18-year risk of CHD among non-exposed: π0, (odds=Ω0 = π0

1−π0
)

18-year risk of CHD among exposed: π1, (odds=Ω1 = π1

1−π1
)

Measure of association: Risk ratio (“relative risk”): RR = π1

π0

Log-likelihood in terms of risks:

l(π0, π1) =

D0 log(π0)+(N0−D0) log(1−π0)+D1 log(π1)+(N1−D1) log(1−π1)

Maximum likelihood estimates - maximize each term separately:
π̂0 = D0

N0
, π̂1 = D1

N1

Confidence limits: use error factor etc. separately for each term.
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Confidence interval for the risk ratio, RR
• Risk Ratio = RR =

π1

π0

• Estimate:

R̂R = π̂1/π̂0 =
D1

N1

/
D0

N0

• Standard deviation of log(R̂R):

SD = SD(log(R̂R)) =

√
1

D1
− 1

N1
+

1

D0
− 1

N0

• 95% confidence interval for RR (using error factor):

R̂R× /÷ exp(1.96× SD)
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Confidence interval for the risk ratio, RR
• Risk Ratio = RR =

π1

π0

• Estimate:

R̂R = π̂1/π̂0 =
64

251

/
204

1112
= 1.39

• Standard deviation of log(R̂R):

SD(log(R̂R)) =

√
1

64
− 1

251
+

1

204
− 1

1112
= 0.125

• 95% confidence interval for RR:

1.39× /÷ exp(1.96× 0.125) = (1.09; 1.78)
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Log-likelihood in terms of odds
l(Ω0,Ω1) = D0 log(Ω0)−N0 log(1+Ω0)+D1 log(Ω1)−N1 log(1+Ω1)

Maximum likelihood estimates - maximize each term separately:
Ω̂0 = D0

N0−D0
, Ω̂1 = D1

N1−D1

Confidence limits: use error factor etc. separately for each term.

The corresponding measure of association is the odds ratio:

OR =
Ω1

Ω0
.
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Confidence interval for the odds ratio, OR
• Odds Ratio = OR =

Ω1

Ω0

• Estimate:

ÔR = Ω̂1/Ω̂0 =
D1

N1 −D1

/
D0

N0 −D0

• Standard deviation of log(ÔR):

SD = SD(log(ÔR)) =

√
1

D1
+

1

N1 −D1
+

1

D0
+

1

N0 −D0

• 95% confidence interval for OR:

ÔR× /÷ exp(1.96× SD)
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Confidence interval for the odds ratio, OR
• Odds Ratio = OR =

Ω1

Ω0

• Estimate:

ÔR = Ω̂1/Ω̂0 =
64

187

/
204

908
= 1.52(= 1/0.6565)

• Standard deviation of log(ÔR):

SD = SD(log(ÔR)) =

√
1

64
+

1

187
+

1

204
+

1

908
= 0.164

• 95% confidence interval for OR:

1.52×/÷exp(1.96×0.164) = (1.10(= 1/0.9058); 2.10(= 1/0.4758))
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Tests based on likelihood

• Likelihood ratio test (Q): 2 times the difference in log likelihoods
evaluated in the estimate and under the null hypothesis (p0)

• Wald test:

W =
( p̂− p0

SD

)2
where p̂ is the parameter estimate.

Both tests are evaluated in the chi-squared distribution with one
degree of freedom, χ2

1 to get the P -value.

• Score test (S): Check ‘how horizontal’ the log likelihood is in p0
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Graphical illustration of tests
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Tests for risk ratio and odds ratio
For the log risk ratio the Wald test is based on:

log

(
D1/N1

D0/N0

)
, SD =

√
1

D1
− 1

N1
+

1

D0
− 1

N0
.

W =

(
log(1.39)

0.125

)2

= 6.94.

For the log odds ratio the Wald test is based on:

log

(
D1/(N1 −D1)

D0/(N0 −D0)

)
, SD =

√
1

D1
+

1

N1 −D1
+

1

D0
+

1

N0 −D0
.

W =

(
log(1.52)

0.164

)2

= 6.52.

Likelihood ratio tests can also be used. These are the same for risk
ratio and odds ratio, cf. SAS output: Q = 6.30.
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Score tests
Both for the risk ratio parameter and for the odds ratio parameter, the
score test leads to the standard chi-square test for the two by two table

Group Failure Survival Total

Exposed D1 = a N1 −D1 = b N1 = a+ b

Non-exposed D0 = c N0 −D0 = d N0 = c+ d

Total D = a+ c N −D = b+ d N = a+ b+ c+ d

The chi-square score test statistic is

N
(
ad− bc

)2
(a+ b)(c+ d)(a+ c)(b+ d)

=
N
(
D1(N0 −D0)−D0(N1 −D1)

)2
N1N0D(N −D)

which, under H0 : θ = 1, has an approximate χ2
1 distribution.

NB: both for θ = RR and for θ = OR, cf. SAS-output: S = 6.63.
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RR
In some texts both risk-, odds- and rate- ratios are called “RR”.
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Example 1
π0 =Prob(diseased before T )= π0(T )

λ0 corresponding rate, i.e. π0 = 1− e−λ0·T

θ =rate ratio= λ1

λ0
, i.e.,

π1 = 1− e−θλ0·T

risk ratio=RR = π1

π0
,

odds=Ω0 = π0

1−π0
,Ω1 = π1

1−π1

odds ratio= OR = Ω1

Ω0

Let π0 = 0.1, θ = 5, T = 1.

Then λ0 = − log(1− π0), λ1 = 5 · λ0, π1 = 1− e−λ1 = 0.41

That is: RR = 0.41
0.1 = 4.1, OR = 0.41/0.59

0.1/0.9 = 6.2
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Examples 2-3
π0 =Prob(diseased before T ) = π0(T )

λ0 corresponding rate, i.e. π0 = 1− e−λ0·T

θ =rate ratio= λ1

λ0
, i.e., π1 = 1− e−θλ0·T

risk ratio=RR = π1

π0
,

odds=Ω0 = π0

1−π0
,Ω1 = π1

1−π1
odds ratio= OR = Ω1

Ω0

Let π0 = 0.01, θ = 5, T = 1.

Then λ0 = − log(1− π0), λ1 = 5 · λ0, π1 = 1− e−λ1 = 0.049

That is: RR = 0.049
0.1 = 4.9, OR = 0.049/0.951

0.01/0.99 = 5.1

Let π0 = 0.1, θ = 1.5, T = 1.

Then λ0 = − log(1− π0), λ1 = 1.5 · λ0, π1 = 1− e−λ1 = 0.146

That is: RR = 0.146
0.1 = 1.46, OR = 0.146/0.854

0.1/0.9 = 1.54
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Take home messages, day 2

• The rate ratio, the risk ratio (‘relative risk’), and the odds ratio
are measures of association between a binary exposure and the
outcome

• These quantities can be estimated from data from cohort studies
with either varying or fixed follow-up times for each subject

• Confidence limits may be obtained using the error factor
technique, i.e., by using symmetric confidence limits
‘log(θ̂)± 1.96 · SD(log(θ̂))’ for the log-transformed parameter and
transform back

• All these techniques may be obtained by referring to likelihood
methods
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