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Overview of lectures

• Competing risks

– Motivating examples

– Censoring vs. competing risks

– Cause-specific hazards and cumulative incidences

– Example: European Bone Marrow Transplantations

• Recurrent events

– examples

– intensity-based methods

– marginal methods
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1. The PBC-3 trial in liver cirrhosis
• Multi-centre randomized trial in patients with primary biliary cirrhosis.

• Patients (n = 349) recruited 1 Jan, 1983 - 1 Jan, 1987 from six
European hospitals and randomized to CyA (176) or placebo (173).

• Followed until death or liver transplantation (no longer than 31 Dec,
1989); CyA: 30 died, 14 were transplanted; placebo: 31 died, 15 were
transplanted; 4 patients were lost to follow-up before 1989.

• Primary outcome variable: time to death, incompletely observed
(right-censoring), due to: liver transplantation, loss to follow-up, alive
31 Dec, 1989

• In some analyses, the outcome is defined as “time to failure of medical
treatment”, i.e. to the composite end-point of either death or liver
transplantation
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2. Survival with malignant melanoma
• 205 patients with malignant melanoma (skin cancer) were operated at

Odense University Hospital between 1962 and 1977

• All patients had radical operation, i.e. no treatment variable relevant
here. Purpose: study prognostic factors

• By the end of 1977: 57 had died from the disease, 14 had died from
other causes, and 134 were still alive

• Primary outcome variable: survival time from operation, but also
mortality from disease is of interest

• Primary outcome variable again incompletely observed due to end of
follow up (and death from other causes)
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3. European bone marrow transplantation data
• Data from the European group for Blood and Marrow Transplantation

(EBMT)

• All (3982) chronic myeloid leukemia (CML) patients with an allogeneic
stem cell transplantation from an HLA-identical sibling or a matched
unrelated donor during the years 1997–2000.

• Study effect of EBMT risk score with values 0–7, here grouped into five
groups: 0, 1 (n = 506), 2 (n = 1159), 3 (n = 1218), 4 (n = 745), and
5, 6, 7 (n = 354). Points obtained from donor (sib vs. unrelated),
stage (3 stages), age (-20, 20-40, 40- years), F to M (yes/no), time
from diagnosis (≤ vs. > 12 months).

• Failure from transplantation may either be due to relapse or to
non-relapse mortality (NRM). Often these two endpoints are taken
together to relapse-free survival (RFS), which is the time from
transplantation to either relapse or death, whichever comes first.
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Target population; censoring
We wish to estimate parameters like the survival function S(t) or the
hazard function h(t) based on the censored data. These parameters
refer to the potentially, completely observed population.

For this to be feasible:

1. The complete population (i.e., without censoring) should be
well-defined

2. Censoring should not leave us with a biased sample

Requirement 1 basically tells that the event under study should happen
for every one in the population, e.g. composite end-point (Example 1),
overall mortality (Example 2) or RFS (Example 3) but not
transplantation (Ex. 1), death from disease, only (Ex. 2) or relapse
(Ex. 3).
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Independent censoring
Requirement 2 is the assumption of independent censoring (by some
denoted non-informative censoring).

This means that individuals censored at any given time t should not be
a biased sample of those who are at risk at time t.

Stated in other words: the hazard h(t) gives the event rate at time t,
i.e. the failure rate given that the subject is still alive (T > t).

Independent censoring then means that the extra information that the
subject is not only alive, but also uncensored at time t does not
change the failure rate.
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Typically, independent censoring cannot be tested from the available
data - it is a matter of discussion.

Censoring caused by being alive at the end of study can usually safely
be taken to be “independent”. However, one should be more suspicious
to other kinds of loss to follow-up before end of study.

It is strongly advisable always to keep track of subjects who are lost to
follow-up and to note the reasons for loss to follow-up (e.g., drop-out
of follow-up schedule or emigration).
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The Kaplan-Meier estimator
We wish to estimate S(t) = P (T > t) based on a censored
(independently!) sample 0 < t1 < t2 < . . . with d(t1), d(t2), . . . being
the observed numbers of failures at these time points.

(If all times of observation are different then these will all be either 0
or 1.)

Let R(t1), R(t2), . . . be the numbers of patients at risk at the times of
observation; that is, R(tj) is the number of patients with an
observation time ≥ tj (the “risk set”).

For a > b we have P (T > a) = P (T > a | T > b)P (T > b). Estimate
the conditional probability P (T > tj | T > tj−1) of surviving beyond
tj , given survival beyond the previous observation time tj−1, as the
relative frequency R(tj)−d(tj)

R(tj)
= 1− d(tj)

R(tj)
.

9



For t between tj and tj−1:

Ŝ(t) =

(
1− d(t1)

R(t1)

)
× · · · ×

(
1− d(tj−1)

R(tj−1)

)
.

This is a decreasing step function with steps at the observed times of
treatment failure.

Notice the way in which the censored observations are used: A person
with a censored time of observation t is part of the risk set R(tj) for
all times tj ≤ t where, if that patient had experienced an event, this
would have been observed.

A censored observation does not give rise to a step in the
Kaplan-Meier estimator.
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The Nelson-Aalen estimator
The hazard h(t) cannot easily be estimated “non-parametrically”, i.e.
without assuming a specific shape. However, the cumulative hazard
can be estimated using the Nelson-Aalen estimator based on the same
idea as the Kaplan-Meier estimator. We have

H(t) =
∫ t
0
h(u)du

and h(u)d ≈ P (T ≤ u+ d | T > u) may be estimated by

ĥ(u)d =
d(tj)
R(tj)

for u = tj

and thereby

Ĥ(t) =
∑
tj≤t

d(tj)
R(tj)

.

This is an increasing step function with steps at each observed failure
time. The hazard itself is the approximate “local slope” of the
Nelson-Aalen estimator.

Interpretation of cumulative hazard?
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Figure 1: Comparison of estimated survival curves for CyA (dashed) and
placebo (solid) treated patients with PBC. Composite end-point: death
or transplantation.
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Figure 2: Comparison of estimated cumulative hazard curves for CyA
(dashed) and placebo (solid) treated patients with PBC. Composite
end-point: death or transplantation.
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Regression analysis: the Cox model
The mostly used regression model for survival data is the Cox
proportional hazards regression model (or Poisson regression).

Being a model for the hazard function, at the same time, a model for
the survival and failure probabilities is obtained.

For a subject, i, with covariates (xi1, ..., xip) the hazard is specified as

hi(t) = h0(t) exp(β1xi1 + ...+ βpxip),

that is, for any two subjects their hazard functions are assumed to be
proportional.
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Cox model for PBC3 data
If only a treatment covariate (xi1 = 1 if patient i was treated with
CyA, xi1 = 0 if patient i was treated with placebo) is included then
the corresponding exp(β1) is the hazard ratio between the two
treatment groups, assumed to be time-constant.

We get exp(β̂1) = 0.943 with 95% c.i. from 0.624 to 1.426.

In spite of the randomization, serum-bilirubin, serum-albumin and
other prognostic variables are not quite balanced between the
treatment groups and adjustment gives:

Variable exp(β̂) 95% c.i.

Treatment (CyA vs. plac.) 0.563 0.363 0.874

Bilirubin (per doubling) 1.944 1.681 2.248

Albumin (per 10 g/L) 0.402 0.262 0.620
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Possible questions in relation to examples.

1. What is the risk of having a liver transplantation for a CyA treated
PBC patient with bilirubin 100 µmol/L?

2. Which fraction of the melanoma patients will die from the disease
within 3 years from operation?

3. How is the risk of relapse related to the EBMT score?

Easy solution: Use standard methods for analysis of survival data on
the event of interest and censor for other events (and of course for end
of follow-up etc.)

However, this simple approach may be incorrect.
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Recall: target population; censoring
We wish to estimate parameters like F (t) = 1− S(t) or h(t) based on
the censored data. These parameters refer to the potentially,
completely observed population.

Recall that, for this to be feasible:

1. The complete population (i.e., without censoring) should be
well-defined

2. Censoring should not leave us with a biased sample

In the examples, requirement 2 is still an issue to be debated, however,
requirement 1 will be violated when we censor for:

1. death without liver transplantation,

2. death from other causes,

3. death in remission.
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This is because we attempt to make inference for a potentially
completely observed population where these competing events do not
occur.

Such a population is quite hypothetical and it is unclear whether data
from “this world” tell us much about that hypothetical population.

We need methods to account for competing risks.
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Two-state model for survival data

Alive
10

Dead-
h(t)

‘Transition intensity’
h(t) ≈ P (state 1 time t+ d | state 0 time t)/d

‘State occupation probabilities’: survival function,
S(t) = P (state 0 time t), and cumulative probability (“risk”) of death
before time t,
F (t) = 1− S(t) = P (state 1 time t) = 1− exp(−

∫ t
0
h(u)du).
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Competing risks model

Alive
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Dead, cause k
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In the competing risks model (2 causes of death)
Cause-specific hazards j = 1, 2 (“transition intensities”):

hj(t) ≈ P (state j time t+ d | state 0 time t)/d.

State occupation probabilities include the overall survival function:

S(t) = P (alive time t)

= exp(−
∫ t
0
(h1(u) + h2(u))du) = exp(−(H1(t) +H2(t)).

and the cumulative incidences j = 1, 2:

Fj(t) = P (dead from cause j before time t) =
∫ t
0
S(u)hj(u)du

-t t t t
0 u u+ du t

time

21



Rates and risks
Note that the risk for cause 1 depends on the rates for both causes 1
and 2.

For the two-state model for (overall) survival, hazard function h and
failure function F contain equivalent information and one may be
obtained from the other.

This one-to-one correspondance is lost in the competing risks model:

Both of the cause-specific hazards, h1, h2, are needed when computing
each of the cumulative incidences, F1, F2 (and the other way around).

This is the key to understanding competing risks!
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The Nelson-Aalen estimator with competing risks
The cumulative cause-specific hazard can be estimated using the
Nelson-Aalen estimator using only failures from the relevant cause,
e.g., cause 1:

H1(t) =
∫ t
0
h1(u)du

may be estimated by

Ĥ1(t) =
∑
tj≤t

d(tj)I(cause=1)
R(tj)

.

This is an increasing step function with steps at each observed time of
failure from cause 1.

The cause-specific hazard itself is then estimated by the approximate
“local slope” of the Nelson-Aalen estimator.
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Non-parametric estimation of probabilities
The overall survival function S(t) can be estimated by the
Kaplan-Meier estimator, Ŝ(t), using all failures.

The cumulative incidences: F1(t) and F2(t) may be estimated by
plugging-in estimates for S(t), H1(t) and H2(t). E.g., for cause 1:

F̂1(t) =
∑
tj≤t Ŝ(tj−1)

d(tj)I(cause=1)
R(tj)

(similarly for cause 2).

This is often denoted the Aalen-Johansen estimator.

Confidence limits may also be calculated.
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Using the Kaplan-Meier estimator on a single cause
We have the relation:

F1(t) = P (dead from cause 1 before time t) =
∫ t
0
S(u)h1(u)du.

When h2(t) = 0, i.e. when the competing event is not present, then

F 0
1 (t) = 1− exp(−

∫ t
0
h1(u)du) = 1− S1(t), say.

That is, “1-Kaplan-Meier for cause 1”, 1− Ŝ1(t), estimates

P(Dead from cause 1 before t) IF h2(t) = 0!

That is, if the competing risk does not exist.

This hypothetical probability is rarely of interest. However, it is used
frequently anyhow!

E.g., “Relapse survival curve” in clinical cancer studies and

“1-Kaplan-Meier” as risk estimator in epidemiological (and other)
studies.
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1-Kaplan-Meier vs. Aalen-Johansen
We always have:

F1(t) ≤ F 0
1 (t) = 1− S1(t),

i.e. the cause 1 risk is over-estimated by using 1-Kaplan-Meier instead
of Aalen-Johansen.

The degree of bias depends on the magnitude of the competing risk
(cause 2): if there are no competing risks (h2(t) = 0) then they are
identical, and the difference between the two increases with h2(t).

At best, the simple 1-Kaplan-Meier estimator can be considered an
approximation to the cumulative incidence that may be used if the
competing risk is small.

However, the best advice is never to use it with competing risks.
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Example: European bone marrow transplantation data
• Data from the European group for Blood and Marrow Transplantation

(EBMT)

• All (3982) chronic myeloid leukemia (CML) patients with an allogeneic
stem cell transplantation from an HLA-identical sibling or a matched
unrelated donor during the years 1997–2000.

• Study effect of EBMT risk score with values 0–7, here grouped into five
groups: 0, 1 (n = 506), 2 (n = 1159), 3 (n = 1218), 4 (n = 745), and
5, 6, 7 (n = 354).

• Failure from transplantation may either be due to relapse (dc=1) or to
non-relapse mortality (NRM, dc=2). Often these two endpoints are
taken together to relapse-free survival (RFS), which is the time from
transplantation to either relapse or death, whichever comes first.
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Summary table

EBMT risk Relapse NRM Censored Total

group n (%) n (%) n (%) n (%)

0,1 113 (22.3) 94 (18.6) 299 (59.1) 506 (100)

2 247 (21.3) 323 (27.9) 589 (50.8) 1159 (100)

3 292 (24.0) 404 (33.2) 522 (42.9) 1218 (100)

4 193 (25.9) 300 (40.3) 252 (33.8) 745 (100)

5,6,7 112 (31.6) 169 (47.7) 73 (20.6) 354 (100)

Next, we study RFS in relation to risk group.
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Survival curves for RFS in risk groups
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Nelson-Aalen curves for RFS in risk groups
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/* Kaplan-Meier for risk groups: RFS */

proc phreg data=ebmt plot(overlay=row)=s;

model days*dc(0)=;

stratum riskscore;

run;

/* Nelson-Aalen for risk groups: RFS */

proc phreg data=ebmt plot(overlay=row)=cumhaz;

model days*dc(0)=;

stratum riskscore;

run;

We look at risk group 5,6,7 and compare the 1-Kaplan-Meier estimates
with the correct Aalen-Johansen estimates for relapse and for NRM.
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1-KM: risk group 5,6,7
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Cumulative incidence vs. 1-KM: risk group 5,6,7
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Kaplan-Meier vs. Nelson-Aalen
Why does Nelson-Aalen work with competing risks when Kaplan-Meier
doesn’t?

This has to do with the fact that the Nelson-Aalen estimator estimates
the (cumulative) rate, and rates describe the “local” (in time) behavior
of the failure process for a given cause. “Therefore”, when assessing the
local strength of cause 1, then cause 2 need not be taken into account.

Risks, however, cumulate over time periods and the impact of cause 2
must be accounted for when assessing the strength of cause 1.

A more formal (mathematical) explanation is that the likelihood function can be expressed

in terms of the rates, and it factorizes into a factor depending only on h1(t) and a factor

depending only on h2(t).
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Inference for cause-specific hazards.
As a consequence, all standard hazard-based models for survival data
apply when analyzing cause-specific hazards

• non-parametric: estimate Hj(t) =
∫ t
0
hj(u)du, j = 1, 2 by

Nelson-Aalen estimator, compare using, e.g. logrank tests

• Cox regression.

• Poisson regression: use the same person-years at risk as for
all-cause mortality but count only cause 1 events as failures.

Comments

• The parameters in the Cox models have interpretations as “good
old epidemiological rate ratios”.

• Examination of proportional hazards (and other features of the
Cox model) may be done in precisely the same way as for all-cause
mortality
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Nelson-Aalen curves for relapse
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Nelson-Aalen curves for NRM
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/* Nelson-Aalen for risk groups: relapse */

proc phreg data=ebmt plot(overlay=row)=cumhaz;

model days*dc(0 2)=;

stratum riskscore;

run;

/* Nelson-Aalen for risk groups: NRM */

proc phreg data=ebmt plot(overlay=row)=cumhaz;

model days*dc(0 1)=;

stratum riskscore;

run;
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Cox models for cause-specific hazards

EMBT risk Relapse NRM

group HR (95% ci) HR (95% ci)

0,1

2 1.01 (0.81–1.27) 1.57 (1.25–1.97)

3 1.28 (1.03–1.59) 2.01 (1.61–2.52)

4 1.57 (1.25–1.99) 2.68 (2.12–3.37)

5,6,7 2.67 (2.06–3.47) 3.98 (3.09–5.13)

Same rate of relapse in group 2 as in group 0,1.
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/* Cox model for cause-specific hazard: relapse */

proc phreg data=ebmt;

class riskscore (ref="0");

model days*dc(0 2)=riskscore/rl;

run;

/* Cox model for cause-specific hazard: NRM */

proc phreg data=ebmt;

class riskscore (ref="0");

model days*dc(0 1)=riskscore/rl;

run;

We now compute Aalen-Johansen estimates for relapse (A) and NRM
(B):
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Aalen-Johansen estimates for relapse
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Aalen-Johansen estimates for NRM
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/* Aalen-Johansen for risk groups: relapse */

proc phreg data=ebmt plot(overlay=row)=cif;

model days*dc(0)=/eventcode=1;

stratum riskscore;

run;

/* Aalen-Johansen for risk groups: NRM */

proc phreg data=ebmt plot(overlay=row)=cif;

model days*dc(0)=/eventcode=2;

stratum riskscore;

run;
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Estimation of cumulative incidences from hazards
Estimate for Fj(t | x): plug-in:

F̂j(t | x) =
∫ t
0
Ŝ(u | x)dĤj(u | x).

Here,

Ĥj(u | x) = Ĥj0(u) exp(β̂j1x1 + ...+ β̂jpxp)

is the cumulative cause-j-hazard estimate from the Cox model and
Ŝ(u | x) the Cox model based estimator for the overall survival
function

Ŝ(u | x) = exp
(
−Ĥ1(u | x)− Ĥ2(u | x)

)
.

We now predict the cumulative incidences for relapse and NRM for
each of the 5 EMBT risk groups based on Cox models (no SAS code -
requires special ‘MACRO’):
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Predicted cumulative incidences for relapse
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Predicted cumulative incidences for NRM
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Cumulative incidences from cause-specific Cox models
Important to notice:

• The Cox models impose a simple structure between covariates and
rates.

• Due to the non-linear relationship between rates and risks in a
competing risks model, this simple relationship does not carry over
to the cumulative incidences.

• In particular, the way in which a covariate affects a rate can be
different from the way in which it affects the corresponding risk:
this will depend on how it affects the rates for the competing
causes.

• EBMT example: group 2 vs. 0,1, relapse
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Cumulative incidence regression models
Plugging-in cause-specific hazard models does not provide parameters
that in a simple way describe the relationship between covariates and
cumulative incidences.

This has led to the development of direct regression models for the
cumulative incidences.

The most widely used such model is the Fine-Gray model:

Recall from all-cause mortality that the hazard can be obtained as:

h(t) = − d
dt log(1− F (t))

and the Cox model is then a linear model for log(h(t)).

The Fine-Gray model is, similarly, a linear model for log(h̃j(t)) where

h̃j(t) = −
d

dt
log(1− Fj(t)).
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That is, the transformation which for all-cause mortality takes us from
cumulative incidence to hazard is used for a cumulative incidence in a
competing risks model. The resulting h̃j(t) is denoted the
sub-distribution hazard and the Fine-Gray model is thus a proportional
sub-distribution hazards model.

A problem is that, while the hazard function has the useful “rate”
interpretation:

h(t) ≈ P (die before t+ d | alive t)/d, d small,

and so has the cause-specific hazard:

h1(t) ≈ P (die from cause 1 before t+ d | alive t)/d, d small,

the sub-distribution hazard has not. Thus

h̃1(t) ≈ P (die from cause 1 before t+ d |
either alive at t or dead from a competing cause by t)/d, d small.
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The Fine-Gray model
The model for the sub-distribution hazard is:

h̃j(t | x) = h̃0j(t) exp(̃b1x1 + ...+ b̃pxp),

but, while a “sub-distribution hazard” sounds like a hazard, it is not!
Therefore, the resulting parameters exp(̃b) in the Fine-Gray model
have a rather indirect interpretation as “sub-distribution hazard ratios”.

Anyway, the model is being used quite a bit and it is, indeed, useful by
giving parameters that directly link the cumulative incidence to
covariates. E.g., if a given, binary covariate x has a coefficient b̃ > 0

(and does not interact with other covariates, z) then, for all t and z:

F1(t | x = 1, z) > F1(t | x = 0, z).
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Fine-Gray models for EBMT data
EMBT risk Relapse NRM

group b̃ SD exp(̃b) (95% ci) b̃ SD exp(̃b) (95% ci)

0,1

2 -0.068 0.111 0.93 (0.75–1.16) 0.443 0.116 1.56 (1.24–1.96)

3 0.072 0.108 1.07 (0.87–1.33) 0.661 0.114 1.94 (1.55–2.42)

4 0.161 0.117 1.17 (0.93–1.48) 0.906 0.118 2.48 (1.96–3.12)

5,6,7 0.439 0.135 1.55 (1.19–2.02) 1.185 0.131 3.27 (2.53–4.22)

Somewhat lower risk of relapse in group 2 than in group 0,1.
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/* Fine-Gray for risk groups: relapse */

proc phreg data=ebmt;

class riskscore (ref="0");

model days*dc(0)=riskscore/eventcode=1;

run;

/* Fine-Gray for risk groups: NRM */

proc phreg data=ebmt;

class riskscore (ref="0");

model days*dc(0)=riskscore/eventcode=2;

run;
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Summary

• In studies of all-cause mortality, risks (probabilities, cumulative
incidences) can be computed from rates (hazards) and vice versa -
in other words the two functions contain equivalent information

• In studies of events which will not eventually happen for every one
in the population, this is no longer the case and death (and maybe
other events) are competing risks which need to be addressed

• In such cases, the risk of a given cause depends on the rates for all
competing causes

• Therefore, using ‘1-Kaplan-Meier for a single cause’ as a risk
estimator is (upward) biased

• The magnitude of the bias depends on the frequency of the
competing events
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• A rather simple, unbiased estimator for the risk exists - the
‘Aalen-Johansen’ estimator

• Effects of covariates on rates (cause-specific hazards) may be
(qualitatively) different from their effects on the risks (cumulative
incidences)

• Rates may be analysed using standard hazard based methods from
survival analysis (Nelson-Aalen, Cox, Poisson, logrank, ...)

• Risks may be analysed by ‘pluging-in’ results from such hazard
models or directly using, e.g. the Fine-Gray model

• Interpretation of coefficients from a Fine-Gray model is not
appealing
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Rates vs. risks - quotes

• Latouche A., Allignol A., Beyersmann J., Labopin M., Fine J.P.: A
competing risks analysis should report results on all cause-specific
hazards and cumulative incidence functions. J. Clin. Epidemiol.
(2013) 66, 648-653.

• Koller, M.T., Raatz, H., Steyerberg, E.W., Wolbers, M.:
Competing risks and the clinical community: irrelevance or
ignorance? Stat. in Med. (2012) 31, 1089-1097. “etiology
hypotheses are most naturally formulated in terms of
cause-specific hazards ... absolute risk of events are the natural
basis for prognosis”

• Andersen, P.K., Geskus, R.B., de Witte, T., Putter, H.:
Competing risks in epidemiology: Possibilities and pitfalls. Int. J.
Epidemiol. (2012) 41, 861-870 quote Koller et al.

55



Recurrent events: mortality negligible, ‘no duration’

No event 1 event-
h01(t)

- 2 events
h12(t)

-
h23(t)0 1 2

Transition intensities
hij(t) ≈ Prob(state j time t+ d | state i time t)/d have an
interpretation like other ‘hazards’. Transition intensities may depend
on the past.

Some times, a single transition intensity
h(t) ≈ P (event in (t, t+ d) | past)/d, is considered where the past
may include information on previous events (i.e., in (0, t)).
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Example: tumors in rats
Data from Cook and Lawless 2007 Springer-book “The Statistical
Analysis of Recurrent Events” (also used by Gail et al., 1980,
Biometrics).

76 female rats were exposed to a carcinogen and then given retinyl
acetate to prevent cancer for 60 days. 48 rats, still tumor-free, were
randomized to either continued treatment (23) or control (25) and
followed for another 122 days. They were examined for tumors twice
weekly and times of tumors were noted. The data set includes the
variables:

• id

• start, stop, status (tumor or not)

• num (record number)

• trt (treatment indicator)
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Recurrent events ‘with duration’, mortality negligible

Event-free
10

Event
-

�

h01(t | past)

h10(t | past)

Here, there are periods after the occurrence of an event where the
subject is not at risk for a new event. In both states there may be a
past to consider when modeling the intensities.
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Example: Pulmonary exacerbations
Data from Cook and Lawless (2007) book

(from Fuchs et al., 1994, NEJM, also used by Therneau and Hamilton,
1997, Statist. in Med.).

645 patients with cystic fibrosis randomized to rhDNase (321) or
placebo (324) followed from randomization and about 169 days. The
data set includes the variables:

• id

• trt (treatment indicator), fev (mean baseline measurement)

• start, stop, startold (start time of previous record, 0 in first
record), status

• etype (1 if “at risk”, 2 if “under treatment”)

• enum (record number), enum1 (gap time number), enum2
(treatment period number)
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Recurrent events and mortality, ‘no duration’
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Example: clinical trial in stage I bladder cancer
Trial conducted by the Veterans Administration Cooperative Urological
Research Group (Byar, 1980) - famous text book example. 30 patients
died during follow-up.

• 118 (30 died) patients with stage I bladder cancer

• randomized to pyridoxine (32/7), thiotepa (38/12), or placebo (48/11)

• followed for the occurrence of superficial bladder tumors

• Data set includes:

– subject: person-id

– start: start time in months

– stop: stop time in months

– status: 0 = alive, no new tumor, 1 = alive, new tumor, 2 = dead

– number: number of tumors at time 0

– size: largest tumor at time 0

– treat: 0 = placebo, 1 =pyroxidine, 2 = thiotepa
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Recurrent events ‘with duration’ and mortality
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Again, all intensities may depend on the past.
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Example: Psychiatric admissions
Kessing, Olsen and Andersen, Amer. J. Epidemiol. (1999) studied
data from the Danish Central Psychiatric Registry DCPR:

• All psychiatric admissions since 1 April 1970,

• Discharge diagnoses:

– ICD-8 until 31 december 1993,

– ICD-10 from 1 January 1994.

Data were linked to the Danish Civil Registration System CPR to
obtain information on vital status and emigration.

The ‘terminating’ events are death or schizophrenia.
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Sample from register data

• All patients identified in DCPR before 1 January 1994 with a
bipolar (“manic”) diagnosis at first discharge.

• Restrict attention to patients younger than 52 years at diagnosis:
1307 men and 1655 women.

• Patients were followed to 31 December 1999 w.r.t. later
psychiatric admissions, death, diagnosis of schizophrenia or
emigration.

Purpose of study: Evaluate theory of “sensitization” (or “kindling”).

According to this theory, mood episodes themselves stress the brain so
that its sensitivity to biologic and psychosocial stressors increases.
This leads to shorter and shorter intervals between successive episodes
(e.g., Post, 1992, Amer. J. Psych.)
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Notation

• Subjects i = 1, 2, ..., n assumed independent

• t time since ‘start of the process’ (‘calendar time’)

• Ti1 < Ti2 < ... event times for subject i - will typically be
dependent

• Yi(t) at-risk indicator for subject i: takes account of death (at
time Ti), censoring and periods not at risk, e.g. when in hospital

• Ni(t) number of events before time t for subject i

• xi covariates for subject i (may be time-dependent, xi(t))
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Parameters of interest
Intensity: hi(t) ≈ P (event between t and t+ d given past)/d

Expected number of events before time t: µi(t) = E(Ni(t))

Note that if Yi(t) = 1 (i.e., no gaps, no mortality) and if there are only
time-fixed x’s then µ(t) =

∫ t
0
h(u)du .

In all of the recurrent events scenarios studied (i.e., with or without
duration and with or without mortality or other competing risks),
intensity models (e.g., inspired by the Cox model for survival data)
may be used.
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Intensity-based models: the PWP model
One option is to use separate models for hk,k+1(t), k = 0, 1, ....

This is known as the PWP model (Prentice, Williams and Peterson,
Biometrika, 1981):

hk,k+1,i(t) = hk0(t) exp(βxi), k = 0, 1, ...

This is a Cox model with time-dependent strata.

The effect of x could be allowed to vary with the number of previous
events (k), i.e. βk instead of β.
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Intensity-based models: the AG model
Assuming proportionality between the different baseline intensities
(hk0(t)), a special case of the AG model (Andersen and Gill, Ann.
Statist, 1982) is obtained.

In this model there is a single event intensity:

hi(t) = h0(t) exp(βxi(t))

that is allowed to depend on the past (e.g., via number of previous
events, k) using time-dependent covariates.

The model may be fitted using delayed entry for later events.

For the rats data, including only treatment, we get exp(β̂) = 0.442

with 95% confidence limits from 0.300 to 0.652.
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SAS code

data rats;

infile ’gailetal-rats.txt’ firstobs=2;

input id start stop status num trt;

run;

proc phreg data=rats;

model stop*status(0)=trt/entry=start rl;

run;

This gives so-called ‘model-based’ SD’s.
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Intensity-based models: gap time models
Gap time models are models where the baseline intensity depends, not
on t, but on time since last event, e.g.:

hk,k+1,i(t) = hk0(t− Tik) exp(βkxi).

To fit the model, no delayed entry is needed: for each transition
k → k + 1, subjects are at risk from the ‘new time zero’.

Putter et al. (Statist. in Med., 2007), in their tutorial on multi-state
models, called such models ‘clock reset’ (in contrast to PWP or AG
models which were called ‘clock forward’).
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Intensity-based models in psychiatric epidemiology
Mostly used in our work:

• the event is admission, i.e. Yi(t) = 0 when subject i is in hospital;

• sensitization theory deals with the effect of the time-dependent
covariate xi(t) = number of episodes before t;

• competing risks: schizophrenia, death;

• gap time models, due to the “renewal” nature of problem: when
assessing the event rate at a given point in time, it is considered
more important for how long has the patient been out of hospital
than for how long time has the patient had the disease.
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A (too) simple approach
Intensity-based gap time model:

hk,k+1,i(t) = hk0(t− Tik)

where k is the number of episodes before time t.

For each patient we then have a process allowing for different gap time
distributions for different numbers of previous episodes (same
distribution across patients).

Estimate the survival function:

Sk(w) = exp(−
∫ w

0

hk0(u)du)

by the Kaplan-Meier estimator.
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Register data on psychiatric admissions
Kaplan-Meier estimates of the survivor functions for 1st, 2nd and later
gap times.
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Using Kaplan-Meier curves
The Kaplan-Meier curves do not properly address the problem of
sensitization due to selection/heterogeneity – those with 2 episodes are
a select subgroup of those with 1 etc.

Another way of stating the problem is via dependent censoring: e.g., censoring of the
second gap time depends on the first gap time and if successive gap times are correlated
then censoring of the second gap time depends on the second gap time:

Ci: duration of follow-up time for subject i, Wi1, Wi2: first and second gap time for
subject i
Ci2: censoring time for Wi2 is Ci2 = Ci − wi1.

If Wi1 and Wi2 are dependent, then Wi2 and Ci2 are also dependent and the

Kaplan-Meier estimator does not work for S2(w).
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Frailty models
Possible model for intensity of re-admission hi(t):

hi(t | Zi = zi) = zi · h0(w) exp(β1xi1(t) + ...)

• w = t− Tik gap time at time t;

• xi(t): covariates including gender, age at first episode, calendar
time and number of previous episodes;

• Zi: random, unobserved frailty assumed to follow some
distribution with mean 1 and SD σ across the patient population
(e.g., the so-called gamma distribution).

The frailty accounts for dependence between successive gap times
in each patient.
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Results for younger bipolar patients
Men Women

Episode (k) Rate ratio 95% c.i. Rate ratio 95% c.i.

1 1.00 ref. 1.00 ref.

2 1.18 1.03-1.34 1.22 1.08-1.37

3 1.46 1.27-1.69 1.47 1.29-1.67

4 1.72 1.49-2.02 1.61 1.40-1.85

5+ 2.35 2.07-2.67 2.19 1.07-2.45

σ2 0 (no frailty) 0 (no frailty)

1 1.00 ref. 1.00 ref.

2 0.99 0.84-1.15 1.07 0.93-1.22

3 1.10 0.91-1.33 1.16 0.99-1.36

4 1.16 0.93-1.45 1.17 0.98-1.39

5+ 1.30 1.04-1.64 1.25 1.04-1.50

σ2 0.45 0.26-0.63 0.41 0.28-0.54

(Kessing et al., 1999).

76



Marginal models (1)
When censoring is completely independent of the recurrent event
process and there is no ‘terminal event’, the mean function µ(t)
(assumed common for all subjects) may be estimated by a
“Nelson-Aalen type” estimator:

µ̂(t) =

n∑
i=1

∑
Event times Tik≤t

1∑
j Yj(Tik)

.

That is, a jump: 1

no. at risk is added at each event time.

Use robust SD’s.

This is a useful approach, e.g. for treatment comparison in randomized
trials (tumors in rats example).
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The Nelson-Aalen estimator for rats data

78



Marginal models (2)
A proportional means model can be set up as a Cox-type model:

µi(t) = µ0(t) exp(β1xi1 + · · ·+ βpxip).

NB: only time-fixed covariates! The exp(β) parameters are ratios
between means (assumed constant over time).

Estimation can be performed using standard Cox software (with
delayed entry): make a record for each interval between successive
events and use robust SD’s. E.g., with two events:

id Time-in Time-out status covariates

i 0 Ti1 1 xi1, ..., xip

i Ti1 Ti2 1 xi1, ..., xip

i Ti2 Ti,cens 0 xi1, ..., xip

Results for rats data exp(β̂) = 0.442 (0.300, 0.652). Same estimate
as in the AG model.
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SAS code
data rats;

infile ’gailetal-rats.txt’ firstobs=2;

input id start stop status num trt;

run;

proc phreg data=rats plots(overlay=row)=mcf

covsandwich(aggregate);

model stop*status(0)=/entry=start;

strata trt; id id;

run;

proc phreg data=rats covsandwich(aggregate);

model stop*status(0)=trt/entry=start rl;

id id;

run;
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Models with a terminal event

• The presence of a non-negligible mortality rate complicates the
situation.

• The resulting model has several similarities with competing risks,
and inference methods for the new model are inspired by those for
competing risks.

• We shall also see that the same type of bias arises when
disregarding mortality in the new model, as the one that appears
when using ‘1 - K-M’ instead of the correct cumulative incidence
estimator with competing risks.
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A simple way out of the problem
In the competing risks model, the situation could be simplified by
considering a composite end-point.

In the model for recurrent events with mortality one can do the same
by defining the ‘recurrent’ event:

event or death

That is, death is considered as an event ‘on an equal footing’ as the
recurrent event, e.g. if death occurs after the first recurrent event then
the death event is regarded as the second ‘composite event’.

By this, the Nelson-Aalen type estimator and the other methods from
above are directly applicable.

However, are the different types of events really equally severe?
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A small sidetrack
While we are at ‘cheap solutions’, it should be mentioned that one
simple standard way out of a recurrent events problem is to ignore it
(!) by restricting attention to the first occurrence of the event (maybe
in competition with death).

This is, obviously, an inefficient solution since it disregards parts of the
data that could contain important and useful information.

Simulation studies have been conducted that illustrate the loss of
efficiency.
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An Aalen-Johansen type estimator
When mortality plays a role, the Nelson-Aalen estimator for
µ(t) = E(N(t)) will be upwards biased. This is because events can
only happen as long as the subject is alive and by ‘treating death as
censoring’ we pretend that we have an immortal population where
events can happen all the time.

So, we need an estimator for µ(t) that accounts for mortality and it
turns out that a very simple one exists using the Kaplan-Meier
estimator Ŝ for survival as weights. This leads to the estimator

µ̂(t) =
n∑
i=1

∑
Event times Tik≤t

Ŝ(Tik−)∑
j Yj(Tik)

,

suggested by Cook and Lawless (Statist in Med., 1997). Regression
analysis for µi(t) is also available (Ghosh and Lin, Statistica Sinica,
2002).

84



Bladder cancer data - bias by neglecting mortality
Thiotepa vs. placebo
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SAS code

/* Treat (incorrectly) death as censoring */

proc phreg data=bladder plots(overlay=row)=mcf

covs(aggregate);

model stop*status(0 2)=/entry=start;

strata treat; id subject

run;

/* Treat death as competing risk and estimate ’cif’ */

proc phreg data=bladder;

model stop*status(0)=/entry=start eventcode=1;

strata treat;

baseline out=mcfdata cif=cuminc;

run;
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/* Take estimated cif and transform */

data mcfdata; set mcfdata;

expevents=-log(1-cuminc);

run;

/* and plot */

plot gplot data=mcfdata;

plot expevents*stop=treat;

run;
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Periods not at risk
How to estimate µ(t)?

A possibility would be to consider ‘cycles’ instead of times from
beginning of the at-risk period to new event, i.e,

• time from a pulmonary exacerbation to the next, disregarding that
there was an ‘under treatment’ period where, in principle, a new
exacerbation was not possible

• time from a psychiatric admission to the next, disregarding that
there was an admission period where a new admission was not
possible
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Direct estimation of µ(t)
The Nelson-Aalen estimator estimates the mean number of events in a
world where events have a certain duration - a parameter that is of
interest even though it would be different in a world where, say,
admission intensities were the same but discharge intensities different.

The Nelson-Aalen estimate may be supplemented by estimates of
average times not at risk and at risk (e.g., in hospital and out of
hospital).

When there is a terminal event, the Aalen-Johansen type estimator
may be used in a similar way.
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Summary: marginal vs. intensity-based models
Marginal models:

• direct modelling of key features of the process, easy to interpret

• few model assumptions, robust

• dependence between successive events unspecified

• requires strict assumptions (independence) for censoring (or
‘Inverse Probability of Censoring Weights’, IPCW, must be used)

• time-dependent covariates not possible

• marginal interpretation of covariate effects

• require special techniques when competing risks are present
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Summary: marginal vs. intensity-based models
Intensity-based models:

• modelling of the full dynamics of the recurrent events process

• likelihood available, allows model simulation

• time-dependent covariates possible

• competing risks no problem

• more restrictive model assumptions, e.g. dependence must be
specified via time-dependent covariates or frailty models

• ‘calendar time’ vs. gap time models

• parameters have rate interpretation
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Exercise 1
This exercise deals with data from a study of survival after bone
marrow transplantation. The variables in the data set bmt1715.txt
are as follows (variable names in the first of 1716 lines):

• disease: 10=ALL, 20=AML, 30=CML

• timedxtx: time from diagnosis to transplant in months

• sex: 0=males, 1=females

• karnofsky: =1 if Karn>90, =0 if Karn≤90

• stage: 1=early, 2=intermediate, 3=advanced stage at
transplantation

• time: time from transplant to event/cens. in months

• donor: 1=HLA-id sib, 2=HLA-matched, 3=HLA-mismatched

• event: 0=cens., 1= relapse, 2=death in remission
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a) Plot Nelson-Aalen estimates for the cumulative cause-specific
hazards of (1) relapse and (2) death in remission by donor groups.

b) Fit Cox models for the cause-specific hazards of (1) relapse and (2)
death in remission including donor groups as the only covariate.

c) Fit Cox models for the cause-specific hazards of (1) relapse and (2)
death in remission including donor, disease, stage, karnofsky

as covariates. Does the adjustment change the hazard ratios for
donor?

d) Plot Aalen-Johansen estimates for the cumulative incidences of (1)
relapse and (2) death in remission by donor groups. Does donor affect
these ‘risks’ in the same way as it affected the corresponding ‘rates’?
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e) Fit Fine-Gray models for the cumulative incidences of (1) relapse
and (2) death in remission including donor groups as the only
covariate.

f) Fit Fine-Gray models for the cumulative incidences of (1) relapse
and (2) death in remission including donor, disease, stage,

karnofsky as covariates. Does the adjustment change the estimated
effects of donor?
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Exercise 2
This exercise deals with the data on pulmonary exacerbations - see the
file rhdnase.txt (slide 59, variable names in the first of 1327 lines).
1. Compute the Nelson-Aalen estimator for the cumulative intensity of exacerbations in

the two treatment groups (i.e., look only at periods at risk, etype=1).

2. Assuming the intensities to be proportional, estimate the ratio between the two using
a Cox model with and without adjustment for the number of previous events (enum1
- 1).

3. Fit a gap time model (i.e., use stop-start and no delayed entry in records with
etype=1) including treatment, with and without adjustment for the number of
previous events.

4. Estimate the marginal mean numbers of exacerbations in the two treatment groups
using the Nelson-Aalen estimator disregarding periods not et risk (i.e., use
(startold, stop) in records with etype=1).

5. Assuming proportional means, estimate the ratio between the two.
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